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Abstract
We show that the existence of a Sasakian structure on a manifold corresponding to a second
order ordinary differential equation (ODE) is equivalent to the existence of the Poisson structure
determined by a one-form. We consider Hamiltonian dynamical system associated with this Poisson
structure and show that the compatibility condition for the bi-Hamiltonian structure of the Reeb
vector field manifests that the structure equations for the coframe encoding a certain family of second
order ODEs are the Maurer-Cartan equations for the Heisenberg group and the independent variable
plays the role of a Hamiltonian function.
1 Introduction
An autonomous dynamical system x˙ = v (x(t)) on a smooth manifold Σ endowed with a Poisson structure
is said to be Hamiltonian if it can be written as
v = Ω(dH, ·). (1)
Here H is called Hamiltonian function and Ω is the Poisson bi-vector, which is a skew-symmetric, con-
travariant rank two tensor subjected to the Jacobi identity. In three dimensions, Hamiltonian function
and Poisson one-form corresponding to the Poisson structure define codimension one foliations contrary to
the Hamiltonian vector field which is not necessarily holonomic. In other words, Hamiltonian vector field
may define a non-integrable contact distribution and hence the motion is preserved under a contact trans-
formation. Accordingly, it may be convenient to take into account an additional geometric structure, so
called contact structure or in particular, Sasakian structure for an investigation of Hamiltonian dynamical
systems identified with a non-holonomic vector field.
The notion of a Sasakian structure or a normal contact metric structure on an odd dimensional smooth
manifold was introduced by Sasaki in 1962 by exhibiting a certain tensor analogues to the Nijenhuis tensor
on an almost complex manifold such that the vanishing of this tensor provides a criteria for the contact
metric structure to be normal [1, 2]. The study of contact metric manifolds is of special importance in
literature with regard to their geometric properties [3–13]. Contact manifolds (with or without a metric)
appear in physics as a contact phase space and provide a geometric description for thermodynamics [14–19]
and contact Hamiltonian dynamics as an extension of symplectic dynamics [20, 21].
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Three dimensions have a particular interest for the geometry of dynamical systems in a sense that a Sasakian
structure in three dimensions is recast as aK-contact metric structure such that the Reeb vector field of the
contact one-form is Killing. On one hand, a Hamiltonian dynamical system has an elegant representation
provided by the musical isomorphisms between covariant and contravariant objects in three dimensions
[22, 23]. In fact these two concepts can be gathered together by means of the geometrization of a second
order ordinary differential equation (ODE) in a way that existence of Poisson structure corresponding to an
integrable contact distribution is equivalent to the existence of a Sasakian structure and the integrability
condition for corresponding one-form is determined by the right hand side of a given ODE.
In this paper we focused on the geometry of Hamiltonian dynamical systems on the manifold associated
with a second order ODE in the framework of Sasakian geometry. Firstly, we show that it is possible to
define a Riemannian metric so that the manifold corresponding to an ODE becomes a Sasakian manifold
and this is the case when the right hand side of given ODE does not depend on the dependent variable.
In this case, there is a canonically defined Poisson structure which is defined in terms of the integrable
contact form and the trajectories of the Hamiltonian vector field correspond to geodesic curves. We also
consider the bi-Hamiltonian structure of the Reeb vector field and we see that for an ODE of the form
d2y/dx2 = f(x) it is possible to define compatible bi-Hamiltonian structure in a way that the independent
variable play the role of a Hamiltonian function. This corresponds to a distinguished case when the
structure equations for the coframe encoding such a second order ODE are the Maurer-Cartan equations
for the Heisenberg group and the motion is governed by a left-invariant vector field.
2 Preliminaries
A contact manifold is a smooth odd-dimensional manifold M2n+1 endowed with a one-form η, so called
contact one-form, satisfying η ∧ (dη)n 6= 0 globally on M2n+1. On a contact manifold (M2n+1, η), there is
a unique vector field ξ, called the Reeb vector field or characteristic vector field of η, satisfying η(ξ) = 1
and dη(X, ξ) = 0 for any X ∈ TM . A Riemannian metric g on a contact manifold (M2n+1, η) is said to
be associated metric if there exists an almost contact metric structure such that g (X, φ(Y )) = dη(X, Y )
for any X, Y ∈ TM . In other words, Riemannian metric g on (M2n+1, η) is an associated metric, if
η(X) = g(X, ξ) and there exists a tensor field φ of type (1,1) such that
φ2 = −id + η ⊗ ξ, dη(X, Y ) = g (X, φ(Y )) (2)
for any X, Y ∈ TM . The structure (φ, ξ, η, g) on M2n+1 is called an contact metric structure and together
with this structure (M,φ, ξ, η, g) is called contact metric manifold. On a contact metric manifold we also
have φ(ξ) = 0, η ◦ φ = 0 and
g(φ(X), φ(Y )) = g(X, Y )− η(X)η(Y ), X, Y ∈ TM. (3)
On a contact metric manifold, there is a tensor field h of type (1,1) defined by h = 1
2
Lξφ, where Lξ is the
Lie derivative with respect to ξ. h is a symmetric operator satisfying the following properties
h(ξ) = 0, h ◦ φ = −φ ◦ h, trh = 0. (4)
If ∇ is the Riemannian connection on a contact metric manifold (M2n+1, φ, ξ, η, g) compatible with g, then
we have
∇Xξ = −φ(X)− φ (h(X)) . (5)
A contact metric structure is called K-contact if ξ is Killing vector field, that is Lξg = 0. Equivalently,
contact metric structure is K-contact if h = 0. A contact metric structure (φ, ξ, η, g) is called Sasakian iff
(∇Xφ)Y = −g(X, Y )ξ − η(Y )X. (6)
A Sasakian manifold is K-contact and the converse is also true in three dimensions. For details we refer
to [24].
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3 Sasakian structure associated with a second order ODE
A second order ordinary differential equation of the form
d2y
dx2
= f(x, y, y′) (7)
can be described geometrically as a submanifold in the second order jet bundle J2π as to be the zero
set of the function F (x, y, p, q) = q − f(x, y, p), where (x, y, p, q) standard local coordinates on J2π. The
second order jet bundle J2π of maps R→ R is a smooth (fibered) manifold of all 2-jets of smooth sections
of the trivial bundle π : R × R → R. If we denote this submanifold by Σ, then Σ is parametrized by
Σ : (x, y, p)→ (x, y, p, q = f(x, y, p)). The 2-jet of a solution curve of differential equation (7) is a curve on
Σ represented by the image of 2-graph of a smooth section (x, y(x)) of the trivial bundle π : R× R → R,
say x 7→ (x, y(x), y′(x), y′′(x)), on which the contact forms
ω2 = dy − pdx, ω3 = dp− fdx (8)
vanish. Namely, solutions of the exterior differential system
ω1 6= 0, ω2 = 0, ω3 = 0, (9)
are in one-to-one correspondence with the solutions of (7). Here ω1 = dx. For the geometric formulation
of differential equations we refer to [25].
Consider the Riemannian metric g on a coordinate neighbourhood of Σ which is defined by
g =
∑
i
ηi ⊗ ηi, (10)
where ηi = 1
2
ωi for i = 1, 2, 3. Note that the coframe (η1, η2, η3) is the dual to the orthonormal frame
(ξ1, ξ2, ξ3) of vector fields ξi = 2ei, where
e1 =
∂
∂x
+ p
∂
∂y
+ f
∂
∂p
, e2 =
∂
∂y
, e3 =
∂
∂p
. (11)
Structure equations for the coframe (η1, η2, η3) are then given by
dη1 = 0
dη2 = 2η1 ∧ η3 (12)
dη3 = 2fyη
1 ∧ η2 + 2fpη
1 ∧ η3
By the same idea exposed in [26] we can construct so(3,R)-valued connection 1-form as follows:
Theorem 1. For a given second order ODE of the form d
2y
dx2
= f(x, y, y′), the so(3,R)-valued connection
1-form θ = (θij) is determined by
θ =

 0 −α −βα 0 −γ
β γ 0

 . (13)
where α, β and γ are defined respectively by α = (fy + 1)η
3, β = (fy + 1)η
2 + 2fpη
3 and γ = −(fy − 1)η
1.
By means of the connection 1-form the covariant derivative ∇Xξj of ξj relative to X ∈ TΣ is given by
∇Xξj = θ
i
j(X)ξi. (14)
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Accordingly we obtain
∇ξ1ξ1 = 0, ∇ξ1ξ2 = −(fy − 1)ξ3, ∇ξ1ξ3 = (fy − 1)ξ2, (15)
∇ξ2ξ1 = (fy + 1)ξ3,∇ξ2ξ2 = 0, ∇ξ2ξ3 = −(fy + 1)ξ1, (16)
∇ξ3ξ1 = (fy + 1)ξ2 + 2fpξ3, ∇ξ3ξ2 = −(fy + 1)ξ1, ∇ξ3ξ3 = −2fpξ1. (17)
3.1 Contact Metric Structure Determined by η2
Since η2 is a contact form on Σ, (Σ, η) is a contact manifold with the characteristic vector field ξ2 = 2
∂
∂y
.
Clearly we have η2(ξ2) = 1 and dη
2(X, ξ2) = 0 for any X = X
iξi ∈ TΣ. Also it can be seen that
X2 = η2(X) = g(X, ξ2) holds for the Riemannian metric (10). If we introduce the (1,1) tensor field
φ = η3 ⊗ ξ1 − η
1 ⊗ ξ3, (18)
in the basis {ηj ⊗ ξi} i, j = 1, 2, 3, then we get
φ2 = −id + η2 ⊗ ξ2 = −(η
1 ⊗ ξ1 + η
3 ⊗ ξ3). (19)
It is clear that
dη2(X, Y ) = g (X, φ(Y )) = X1Y 3 − Y 1X3 (20)
are satisfied for any X, Y ∈ TΣ. Accordingly, we have obtained a contact metric structure (φ, ξ2, η
2, g) on
Σ. Also, it can be seen that φ(ξ2) = 0, η
2 ◦ φ = 0 and the identity (3) are satisfied.
Since the Lie differentiation Lξ is a derivation on the algebra of tensor fields on Σ, if we use the identities
Lξω = ιξdω + d(ιξω) (21)
and
LξX = [ξ,X] = ∇ξX −∇Xξ, (22)
for a 1-form ω and a vector field X on Σ, we get
Lξ2φ = −2fy
(
η1 ⊗ ξ1 − η
3 ⊗ ξ3
)
(23)
and hence
h = −fy
(
η1 ⊗ ξ1 − η
3 ⊗ ξ3
)
. (24)
Note also that the Lie derivative of the metric tensor (10) is
Lξ2g = −2fy
(
η1 ⊗ η3 + η3 ⊗ η1
)
. (25)
It follows that ξ2 is Killing vector field if and only if fy = 0. This is equivalent to say that the contact
metric structure (φ, ξ2, η
2, g) is K-contact iff fy = 0.
Theorem 2. Let Σ be the submanifold in J2π corresponding to a second order ODE of the form d
2y
dx2
=
f(x, y′). Then (φ, ξ2, η
2, g) defines a Sasakian structure on Σ, where φ, ξ2, η
2 and g are given in local
coordinates (x, y, p) respectively by
φ = (dp− fdx)⊗ (∂x + p∂y + f∂p)− dx⊗ ∂p, ξ2 = 2∂y, η
2 =
1
2
(dy − pdx) (26)
and
g =
1
4
[
(1 + p2 + f 2)dx⊗ dx− p(dx⊗ dy + dy ⊗ dx)− f(dx⊗ dp+ dp⊗ dx)
+ dy ⊗ dy + dp⊗ dp
]
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4 Bi-Hamiltonian structure
An autonomous dynamical system x˙ = v(x) is a vector field on a smooth manifold Σ endowed with a
Poisson structure is said to be Hamiltonian if it can be written as
v = Ω(dH, ·). (27)
Here H is called Hamiltonian function and Ω is the Poisson bi-vector, which is a skew-symmetric, con-
travariant rank two tensor subjected to the Jacobi identity
[Ω,Ω]SN = 0, (28)
where [·, ·]SN denotes the Schouten-Nijenhuis bracket. In a local coordinate system (x
i), Ω has the repre-
sentation
Ω = Ωij∂i ∧ ∂j , ∂i =
∂
∂xi
. (29)
Accordingly, Jacobi identity can be given by
Ωi[j∂iΩ
kl] = 0, (30)
where [jkl] denotes the anti-symmetrization.
Instead of Poisson bi-vector Ω, we can deal with the one-form J , so called Poisson one-form associated
with Ω, which is defined by the contraction of the volume form by Ω [22]:
J = ıΩvol, (31)
In this case the Jacobi identity interpreted as
J ∧ dJ = 0. (32)
Now, let us introduce the bi-vector on the contact metric manifold (Σ, φ, ξ2, η
2, g) as
Ω = ξ1 ∧ ξ2. (33)
Since volg = η
1 ∧ η2 ∧ η3 is the volume form on Σ, it follows from (31) that
η3 = ıΩvolg. (34)
From (32) and the structure equations (12) we obtain
η3 ∧ dη3 = 2fyvolg. (35)
From here it follows that, the Jacobi identity for the bi-vector Ω = ξ1∧ ξ2 is described simply by the linear
partial differential equation fy = 0. That is to say, the bi-vector (33) is a Poisson structure or the one-form
(34) is a Poisson one-form on (Σ, φ, ξ2, η
2, g) if and only if fy = 0. Therefore, together with the Theorem
(2) the following are immediate:
Theorem 3. Let (Σ, φ, ξ2, η
2, g) be the contact metric manifold associated with a second order ODE d
2y
dx2
=
f(x, y, y′). The bi-vector Ω = ξ1∧ξ2 on Σ defines a Poisson structure iff (φ, ξ2, η
2, g) is a Sasakian structure
on Σ.
Corollary 4. Let (φ, ξ2, η
2, g) be the Sasakian structure associated with a second order ODE of the form
d2y
dx2
= f(x, y′). Then the bi-vector Ω = ξ1 ∧ ξ2 is a Poisson structure on Σ.
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Accordingly, it is possible to say that existence of one of two different geometric structures on a manifold
corresponding to a second order ODE purely depends on the right hand side of the given ODE such that
one implies the other.
The Hamiltonian vector field v = Ω(dH, ·) associated with the Poisson structure Ω = ξ1∧ξ2 on the Sasakian
manifold (Σ, φ, ξ2, η
2, g) is given in terms of ξi as
v = ξ1(H)ξ2 − ξ2(H)ξ1. (36)
To find the coordinate expression of v, if we substitute ξ1 = 2(∂x + p∂y + f∂p) and ξ2 = 2∂y we get
v = −4 [Hy∂x − (Hx + fHp)∂y + fHy∂p] . (37)
The equations of motion are given in coordinates as
x˙ = −4Hy (38)
y˙ = 4(Hx + fHp) (39)
p˙ = −4fHy, (40)
and it is clear that v(H) = 0.
If we consider the definition of the cross product
g(X × Y, Z) = volg(X, Y, Z), (41)
then we see that
ξi × ξj = ǫijkξk, (42)
where ǫijk is the Levi-Civita symbol. Thus ξ1, ξ2, ξ3 defines a positively oriented orthonormal basis for TxΣ
at a point x. It follows from here and (36) that
v = J ×∇H, (43)
where J = (η3)♯ = ξ3 is called the Poisson vector field and ∇H =
∑
i ξi(H)ξi is the gradient of H . Here the
musical isomorphism ♯ : T ∗Σ→ TΣ is defined by g(ω♯, X) = ω(X) for any one-form ω and any vector field
X. The inverse of this isomorphism is denoted by ♭. For our further purposes we consider the following
definition [28]:
Definition 5. A dynamical system x˙ = v is said to be bi-Hamiltonian if it can be written in the Hamiltonian
form in two distinct ways:
v = Ω1(dH2, .) = Ω2(dH1, .), (44)
such that the Poisson structures Ω1 and Ω2 are nowhere multiples of each other. This bi-Hamiltonian
structure is said to be compatible if Ω1 + Ω2 is also a Poisson structure.
From the representation (43) we see that Poisson vector field must be perpendicular to the Hamiltonian
vector field. To this end, let us introduce the bi-vector
Ω2 = µξ3 ∧ ξ1 + λξ2 ∧ ξ3, (45)
where λ = ξ1(H) and µ = ξ2(H). Corresponding one-form is given by η = ıΩ2volg as
η = λη1 + µη2 (46)
or
η = dH − ξ3(H)η
3, (47)
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where ξ3(H) = Hp. Jacobi identity for η is derived as
η ∧ dη =
(
µξ3(λ)− λξ3(µ)− 2µ
2
)
volg. (48)
That is, η is a Poisson one-form if the equation
µξ3(λ)− λξ3(µ)− 2µ
2 = 0 (49)
is satisfied. In fact the only solution of this equation is µ = 0. To see this, assume that η is a Poisson
one-form with µ 6= 0. Then (49) takes the form ∂p(λ/µ) = 1. By substituting λ and µ into here and taking
into account the directional derivatives we conclude that
(∂x + h(x, y)∂y + f(x, p)∂p)H = 0 (50)
holds for some smooth function h = h(x, y). From (38) and (39) it follows that dy/dx = h(x, y) = p and
hence f = hx + hhy. Thus, (50) is written simply as
d
dx
H (x, y(x), p (x, y(x))) = 0, (51)
which implies λ = ξ1(H) = 0. In this case, Jacobi identity is given by µvolg = 0 which contradicts the fact
that µ 6= 0.
On the other hand, the compatibility condition for the bi-Hamiltonian vector field v with Poisson structures
Ω1 = ξ1 ∧ ξ2 and Ω2 = µξ3 ∧ ξ1 + λξ2 ∧ ξ3 is given in terms of the corresponding Poisson one-forms as
(η3 + η) ∧ d(η3 + η) = η ∧ dη3 + η3 ∧ dη = 0. (52)
By a direct calculation we get
(ξ1(µ)− ξ2(λ)− 2µfp)volg = 0. (53)
Since fy = 0, the vector fields ξ1 and ξ2 commute, that is [ξ1, ξ2] = 0, we have ξ1(µ)− ξ2(λ) = 0 and hence
compatibility condition is reduced to
2µfpvolg = 0. (54)
Finally, compatible bi-Hamiltonian structure is given for µ = 0. We also investigate the case fp = 0.
Case i. µ = 0.
µ = 0 implies that ξ2(H) = Hy = 0 and η = ξ1(H)η
1 and then the Hamiltonian vector field (36) takes the
form
v = ξ1(H)ξ2. (55)
If we introduce the function H1 = −
1
2
p, then we get
∇H1 = −fξ1 − ξ3. (56)
Thus
v = ξ3 ×∇H = J2 ×∇H1, (57)
where H = H(x, p) with ξ1(H) 6= 0 and
J2 = ξ1(H)ξ1 (58)
is the Poisson vector defined by η♯. This suggests that on the Sasakian manifold (Σ, φ, ξ2, η
2, g) the right
hand side of d2y/dx2 = f(x, p) can be taken as a Hamiltonian function, i.e. H = f . In this case (55) is
given by v = 2(fx + ffp)ξ2. and it is clear that ∇vv = 0, that is, trajectories of the motion are geodesic
curves on Σ.
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Case ii. fp = 0.
In this case, structure equations (12) represent the Maurer-Cartan equations for the Heisenberg group
because we also have fy = 0 and the structure equations are written in vector form as
[ξ1, ξ2] = 0, [ξ1, ξ3] = −2ξ2, [ξ2, ξ3] = 0. (59)
Accordingly, one-forms η1, η2, η3 form a basis for left-invariant Maurer-Cartan forms on the local Lie group
Σ. Thus, bi-Hamiltonian structure for the Reeb vector field can be given as
ξ2 = ξ3 ×∇H = J2 ×∇H1, (60)
where H = 1
2
x, J2 = ∇H and H1 =
1
2
∫ x fdx′ − 1
2
p. Since H = 1
2
x, in this case we also have µ = 0. An
integral curve of (60) corresponds to a non-horizontal geodesic in the Heisenberg group. It is suitable to
note that on the Sasakian manifold (Σ, φ, ξ2, η
2, g) it is possible to define bi Hamiltonian structure for the
Reeb vector field by means of the (1,1) tensor φ due to the fact that
[
φ
(
(η3)♯
)]♭
is also a Poisson one form.
Concluding remarks
As a final remark, it will be convenient to discuss some global aspects of the study. Let us consider the
normal bundle of an integral curve of the Hamiltonian vector field v = ξ1(H)ξ2 as a two dimensional
real vector bundle D = Ker η2 over Σ. Together with the fiber-wise defined Riemannian metric gD =
̟1 ⊗ ̟1 + ̟2 ⊗ ̟2, each fibers are spanned by the orthonormal vector fields ξ1 and ξ3, where ̟
1 = η1
and ̟2 = η3. The structure equations result in
d̟i = −ωij ∧̟
j, (61)
where
(ωij) =
(
0 fp̟
2
−fp̟
2 0
)
(62)
defines connection one-form in D → Σ. The (1,1) tensor φ defines complex structure on the fibers of D
and hence D can also be thought as a one dimensional complex line bundle. Thus the complex connection
is defined to be 1× 1 matrix (iω12) with corresponding curvature matrix (iΩ
1
2) on this complex line bundle.
Then (−1/2πi)tr(iΩ12) represents the first Chern class c1(D) which is the characteristic cohomology class
in H2(Σ;R) [27, 29]. Explicit computation shows that Ω12 = −2(fx + ffp)p̟
1 ∧̟2 which is the curvature
of gD and hence the first Chern class is trivial iff the curvature vanishes. In fact this curvature corresponds
to the sectional curvature associated with the plane in TqΣ spanned by ξ1 and ξ3 at a point q. Recently,
it has been shown in [30] that an autonomous dynamical system defined by a nonvanishing vector field on
an orientable three-dimensional manifold is globally bi-Hamiltonian if and only if the first Chern class of
the normal bundle of the given vector field vanishes. Accordingly, we can say that the dynamical system
determined by the Hamiltonian vector field v = ξ1(H)ξ2 on the Sasakian manifold corresponding to an
ODE of the form d2y/dx2 = f(x, p) is globally bi-Hamiltonian if and only if f satisfies fx+ ffp = ψ(x) for
some smooth function ψ.
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